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respect to s. By this procedure one obtains the 
parameters 

~. K(s, Au). f ( s )  = F(Au), (7) 
$ 

specified in Table 2 by boxes. 
(3) Henceforth, with regard to the relation of 

F(Au)(1 -- x)  -au = U (8) 
Au 

to equation (5) the calculation of U is easily completed. 
Selecting, for example, the probability 2p~3) one 

obtains from Table 2(a) 

Uv ~3) = 62 + 60(1 - x )  -1 + 3(1 - x )  -2. (9) 

Taking w~ 3) = 9 the complete numerical expression 

2P~v3) = 7 x 6 ( 1 -  x )V[62(1-x)  2 + 6 0 ( 1 - x )  + 3] (10) 

is obtained from equation (3). 
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Abstract 

The neutron diffraction powder pattern of UO 2 has 
been recorded at five temperatures between 293 and 
1733 K, and the data have been analysed by two 
methods: the Rietveld profile-refinement procedure and 

0567-7394/80/020265-06501.00 

the more conventional approach based on independent 
integrated intensities. The structural parameters (i.e. 
the thermal amplitudes of the U and O atoms) derived 
by the two methods do not differ significantly, but the 
e.s.d.'s of the parameters given by the Rietveld treat- 
ment differ at some temperatures from those obtained 
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266 THE ATOMIC THERMAL DISPLACEMENTS IN UO 2 

by the conventional analysis. These results are dis- 
cussed in the light of the statistical analysis of the 
Rietveld procedure published by Sakata & Cooper [J. 
Appl. Cryst. (1979), 12, 554-563]. At the higher 
temperatures, the observed mean-square displace- 
ments of the U atoms are larger than those calculated 
by Dolling, Cowley & Woods [Can. J. Phys. (1965), 
43, 1397-1413 ] from the analysis of room-temperature 
phonon dispersion curves. 

of the Fm3m space group, and O atoms at the 8(c) 
positions 

I 11 333 ~r~,a-r~ + f.c.c, translations. 

The structure factors, corrected for the effect of 
thermal motion, can be written 

F(hkl) = 4b U exp ( - B  U sin 2 0/22) 

+ 8b o exp ( -B  o sin 2 0/~?) 

. . . h  + k + l = 4 n  

1. Introduction 

For the past ten years, the profile-refinement method of 
Rietveld (1967, 1969) has been widely used for the 
interpretation of neutron diffraction powder patterns; 
more recently, the procedure has been extended to the 
analysis of X-ray diffraction powder data (Young, 
Mackie & Von Dreele, 1977; Malmros & Thomas, 
1977). Intensity points at small intervals in the dif- 
fraction pattern are treated as individual observations 
which may arise from contributions from a number of 
Bragg reflections, so that the profile-refinement method 
can be used even when there is a large number of over- 
lapping peaks. On the other hand, in the more 
conventional refinement procedure the integrated inten- 
sities are derived by assuming that the Bragg reflections 
may be separated from one another; this approach 
cannot be used where there is severe overlapping of 
adjacent peaks. 

Sakata & Cooper (1979) have carried out a 
statistical analysis of the Rietveld method and have 
raised a number of questions regarding its validity. In 
particular, they show that the crystallographic 
parameters derived by the two types of refinement are 
not necessarily the same, and that the e.s.d.'s of the 
parameters are different. 

In the present paper we test these theoretical 
predictions by applying both refinement procedures to 
the same experimental measurements. The system we 
have chosen is polycrystalline UO 2, examined by 
neutron diffraction over a range of temperature from 
293 to 1733 K. With a sufficiently long neutron wave- 
length and a high take-off angle at the mono- 
chromator, most of the Bragg peaks were well 
separated in the diffraction pattern. The scattering data 
could be analysed satisfactorily, therefore, by both 
methods. 

2. Structure factors of uranium dioxide 

U O  2 has the face-centred cubic fluorite structure, with 
U atoms at the 4(a) positions 

000 + f.c.c, translations 

= 4b U exp ( - B  U sin 2 0/22) 

. . . h + k + l = 4 n +  1 (1) 

= 4b u exp ( - B  u sin 2 0/22) 

- 8b o exp ( - B  o sin 2 0/22) 

. . . h + k + l = 4 n + 2 .  

Here b u (= 0.84 x 10 -11 mm) and b o (= 0.58 x 10 -11 
mm) are the coherent neutron scattering amplitudes of 
U and O respectively. B u is given by 

B u = 8 n 2 u  2,  

where u 2 is the isotropic mean__-square thermal dis- 
placement of the U atoms. (u~ is one-third of the 
total mean-square di__splacement in all directions.) 
Similarly, B o = 8zdu~. The expressions above require 
slight modifications to include anisotropic, anharmonic 
contributions to the Debye-Waller factors (Rouse, 
Willis & Pryor, 1968). However, the measurements 
analysed in this paper gave anharmonic thermal para- 
meters which were not significantly different from zero, 
and so thermal anisotropy was not allowed for in the 
subsequent treatment. We see then that, at each tem- 
perature, there are just three structural parameters to 
be determined: the scale factor s, and the quantities B u 
and B o in the Debye-Waller factors. 

According to Cooper & Sakata (1979) the best 
value of the ratio bu/b o is 1.451 + 0.002. We have 
used a ratio of 1.448, which is sufficiently close to the 
recommended value to give essentially the same values 
for the final structural parameters. 

3. Conventional refinement 

The neutron powder diffraction pattern of UO 2 was 
recorded with the PANDA diffractometer installed at 
the PLUTO reactor, Harwell. The polycrystalline 
sample, of composition close to UOv00, was enclosed in 
a cylindrical can of Ta. With a wavelength of 1.334/k 
and a range of scattering angles of 18 < 20 < 114 °, all 
reflections up to 533 were observed. However, not all 
these reflections were included in the later analysis. 
311, 222 and 400 were excluded because they over- 
lapped with reflections from the Ta sample holder and 
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furnace, while 333 and 511 were left out as they 
appeared together at the same 20. 

The intensity in the pattern was measured at 
increments in 20 of 0.1 o, and the integrated intensity 
for each isolated Bragg peak determined by summing 
the counts, point-by-point, across the peak and sub- 
tracting the background on either side. The relation 
between the integrated intensity p from the sample and 
the observed structure factor F o is 

VN2c mF2o 
p(hkl)  = constant x , (2) 

sin 0 sin 20 

where V is the volume of the sample in the beam, N c is 
the number of unit cells/mm 3, and m is the multiplicity 
factor for the hkl  plane (Bacon, 1976). The constant in 
(2) includes the wavelength of the neutron radiation 
and the absorption factor (which, in our case, is very 
nearly independent of 0). 

(2) was used to establish relative values of F o at the 
five temperatures 293, 1073, 1373, 1673 and 1733 K. 
A least-squares refinement was then carried out for 
each temperature, where the quantity 

Z Whktl(F2o - sF212 
hkl 

was minimized to yield the scale factor s and the para- 
meters B U and B o. Wht, t is the weight of Fo 2 and was cal- 
culated from 

1 (I  + B) 1/2 
Whkl  : " -~" - '  a h k l  : F2° ( I  -- B) ' (3) 

a h k l  

where B is the background count and I is the integrated 
intensity count plus the background count. The com- 
puter program used for the refinement was O R X F L S  3 
(Busing et al., 1971). 

Table 1 lists the three structural parameters, with 
their e.s.d.'s, as given by the formula 

(a~), = ( a ~ ) z  ~. Whkt IF2o--sFZcl2/(Nz - Ps)" (4) 
hkl 

Here (ai) t is the e.s.d, of t he / t h  parameter and A~ 1 is 

Table 1. Resul ts  given by the conventional  ref inement 
me thod  (using integrated intensities) 

Temperature B U B o s R(wF 2) 
(K) (A 2) (A 2) (relative) N t (%) A n 

293 0.18 0.66 1.00 9 3.30 4.23 
(I0) (12) (2) 

1073 0-91 1.68 0.96 9 1.99 2-01 
(7) (9) (2) 

1373 1.40 2.20 0.96 9 1.19 1.10 
(5) (6) (1) 

1673 1.68 2.79 0.96 8 3.40 3.24 
(17) (21) (2) 

1733 1.73 3.03 0.95 8 2.13 1.94 
(10) (14) (2) 

the ith diagonal element of the inverted normal matrix 
A -1. The subscript 1 refers to integrated intensity 
measurements, N z is the number of independent 
integrated intensities, and Ps(=3)  is the number of 
structural parameters. We also give in Table 1 the 
residual R (wF2), defined by 

R ( w F 2 ) =  Y wtF2o - sF2cl2/~ WlFo212, 

and the agreement factor A s , defined by 

A~ = • w I F 2 o -  sFZl2/(Nz - Ps)" (5) 

The scale factor s shows a slight decrease with 
increasing temperature, so that the intensities measured 
at the highest temperature (1733 K) were about 5% 
less than those calculated with the room-temperature 
value of the scale factor. This effect can be explained in 
terms of the loss or gain of scattering material as the 
lattice expands or contracts. The specimen height was 
greater than the beam height, and so, because s is 
proportional to V/V~e . [see (2)], where V is the volume 
of the specimen in the beam and Vce . is the unit-cell 
volume, s varies as the inverse fourth power of the 
lattice parameter a o. The temperature dependence of a 0 
is given by (11) below. 

In Figs. 1 and 2 we plot the observed B values for U 
and O (indicated by open circles) as a function of tem- 
perature, and compare them with the values calculated 
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Fig. 1. Temperature dependence of the B values for U, as 
determined by the two refinement methods. The broken line 
refers to the lattice-dynamical calculation of Dolling, Cowley & 
Woods (1965). For clarity, the error bars at each temperature are 
drawn off-vertical. 
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by Dolling, Cowley & Woods (1965), using the 
formula 

2zc h I%(x, qj)l 2 
B~-  Z 3 N c M  ~ . v j (q)  

qJa ( 2  1 X l + e x p / h v ~ q ) / -  " 

\ k-LT-/ 

(6) 

The summation in (6) is over the normal modes of 
vibration (q j )  and over the a displacements, where a = 
x,y,z,  v is the frequency of the mode, q its wavevector 
and j the polarization index, x refers to the type of ion: 
U or O. M, is the mass of the ion, %(x ,  q j )  is the ct 
displacement of the xth ion in the normalized eigen- 
vector for the (q j )  mode, and N c is the number of unit 
cells per unit volume. The frequencies vj(q) and 
displacements % (x, qj) were determined by Dolling et 
al. by fitting their phonon dispersion curves, measured 
at room temperature, to those calculated for a shell 
model of the interionic forces. At high temperatures, 
above the Debye temperature 0D(_400 K for UOz), we 
can write hvj(q) ~ k s T  and the factor in parentheses in 
(6) becomes 

2 k a T / h v j ( q ) .  

In the harmonic approximation, the frequencies are 
independent of temperature, and so B~ is proportional 
to T for T > OD. This linear relationship is shown by 
the broken lines in Figs. 1 and 2. 
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Fig. 2. Temperature dependence of the B values of O, as deter- 

mined by the two refinement methods. The broken line refers to 
the lattice-dynamical calculation of Dolling, Cowley & Woods 
(1965). For clarity, the error bars at each temperature are plotted 
off-vertical. 

4. Profile refinement 

The same set of observations was then analysed by the 
Rietveld method. Each observation Yi of the back- 
ground-corrected intensity at the scattering angle 20 i 
was assigned a weight 

1 
w i -- - - ,  (7) 

Yi+ B~ 
where B i is the background and Yi (= Yi + Bi) is the 
total intensity. Bi was estimated by interpolation 
between regions with no Bragg intensity. The number 
of observations Yi was restricted to cover the same 
range of Oi's as was used in the conventional refine- 
ment, § 3. The computer program used for the profile 
refinement has been described by Hewat (1973), and 
was modified later by one of the present authors 
(MWT). 

The refinement yielded the three structural para- 
meters (s, B u, Bo), four instrumental parameters and 
the lattice parameter a o. The four instrumental 
parameters are U, V, W, governing the 0-dependence of 
the half-width of the reflections (Rietveld, 1969), and 
the zero-20 position of the diffractometer. Table 2 lists 
the structural parameters and the lattice parameter, 
with their e.s.d.'s. Also given are: the number of 
experimental Points N~,, separated by 0.1 ° in 20, at 
which the profile was sampled; the quantity 

~ w i [ Y i ( o b s .  ) __ sY i (ca lc . ) ]2  ] 1/2 

R (wI)  = i ] 
~ w i [Y i (obs . ) ]  2 
i 

and the agreement factor Ap defined by 

Y wi[Yi(obs.) - sYi(calc.)] 2 
i 

A ~  = , (8) 
Np - P ,  -- Ps 

where Pp (= 5) is the number of profile parameters (i.e. 
U, V, W, zero-20 and ao), and Ps is the number of 
structural parameters. 

The B values from Table 2 are included (as closed 
circles) in the temperature plots in Figs. 1 and 2. At 

Table 2. Results  given by the profile-refinement method 

Temperature Bu Bo s R ( wI) a o 
(K) (A 2) (A 2) (relative) Np (%) Ap (A) 

293 0.12 0.51 1.00 99 8.27 3.07 5.4710 
(6) (7) (2) (2) 

1073 0.84 1.70 0.95 105 8.54 2.47 5-5135 
(7) (9) (1) (3) 

1373 1.31 2.19 0.96 107 9.33 2.51 5.5333 
(9) (11) (!) (3) 

1673 1-59 2.70 0.93 93 10 .53  2.85 5.5538 
(l l) (15) (2) (4) 

1733 1.67 2.92 0.92 89 9.26 2.48 5.5580 
(10) (14) (2) (4) 
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each temperature there is close agreement, to within 
one e.s.d., of the values derived by the conventional and 
Rietveld methods of analysis. In principle, the struc- 
tural parameters given by the two treatments are not 
identical (Sakata & Cooper, 1979), but in the present 
case they do not differ significantly. 

Using the method of least squares, we have fitted a 
quadratic curve 

B ( T )  = a + b T  + c T  2 

to the experimental points in Figs. 1 and 2. The points 
were weighted according to their e.s.d.'s. If T is the 
absolute temperature, the a coefficient is zero for T> 
Oo and the B factors are then: 

B u = 8n2u 2 = 5.958 × 10 -4 T + 2.472 × 10 -7 T 2 

and 

B o = 8n2u~ = 1.518 x 10 -3 T +  7.794 x 10 -s T 2, 

where B is in A 2 and T in K. The positive values of the 
c coefficients indicate that the thermal amplitudes of the 
U and O atoms increase more rapidly with tempera- 
ture than the harmonic lattice-dynamical theory 
predicts. 

The ratio of (ai) p, the e.s.d, of the ith parameter as 
determined by the Rietveld method, to (ai) x, the corres- 
ponding quantity for the conventional treatment, is 
given by: 

(a~e ( A ~ ' ) e A  2 

((~i2)i (Ah')I  A 2' 
(9) 

where A~  is the diagonal element of the inverse normal 
matrix corresponding to the ith parameter. Sakata & 
Cooper (1979) have shown that the value of 
( A ~ l ) J ( A ~ l ) t  can be estimated from the approximate 
expression 

(A~1)v 1 

( A ~ I ) I  e '  
(10) 

where the factor e' is determined by the weights given 
to the observations in the two methods of refinement. 

The e.s.d, ratios predicted by (9) and (10) are 
reported in column 6 of Table 3, using the agreement 

Table 3. E.s.d. ratios f o r  profile and  conventional  
refinements 

(vi).: (o3~: 
profile conventional (at)p/(al) I 

1 Ap 
Temperature i = B  U i = B  o i = B  u i = B  o Bu Bo 

(K) (A 2) (A ~) (A 2) CA ~) v/~7 An 

293 0.062 0.072 0.102 0.120 0.59 0.61 0.60 
1073 0.071 0.091 0.074 0.090 1.01 0.96 1.01 
1373 0.086 0.107 0.052 0.061 1.87 1.65 1.75 
1673 0-113 0.145 0.166 0.211 0.71 0.68 0.69 
1733 0.104 0.137 0.104 0.138 1.04 1.00 0-99 

factors of Tables 1 and 2. e' was taken as 1.5, as none 
of the individual estimates of e' differed from 1.5 by 
more than 10%. Columns 2 to 5 in Table 3 list the 
e.s.d.'s given by the two methods of analysis, and the 
ratios of these are given in columns 7 and 8. The ratio 
in column 6 is in reasonable agreement with those in 
the last two columns. We conclude that the Sakata & 
Cooper theory accounts satisfactorily for the dif- 
ferences in the e.s.d.'s of the structural parameters 
obtained by the two methods of analysis. 

It is well known that the thermal parameters are 
much more difficult to measure accurately in a dif- 
fraction experiment than the positional parameters. 
Powder diffraction methods, in particular, tend to give 
unreliable values for the thermal parameters, because of 
the difficulty of establishing the background level which 
can be strongly correlated with the temperature factors. 
However, the present study has confirmed that the 
thermal parameters for UO 2, derived from either the 
profile or integrated-intensity method, are in fairly close 
agreement with one another over the temperature range 
293-1733 K, and with those calculated by lattice 
dynamics. It appears that the limited peak overlap in 
the UO 2 data results in a more confident estimate of the 
background level and a better determination of the 
temperature factors. 

The lattice parameters quoted in Table 2 have been 
fitted by least squares to a quadratic expression in the 
temperature T, giving 

ao(T)  = 5.4576 + 4.326 x 10 -5 T 

+ 8-477 × 10 -9 T 2, (11) 

where a o is in A and T in K. The present measurements 
of a o extend to higher temperatures than those given 
previously (e.g. Gronvold, 1955). 

5. Conclusions 

Sakata & Cooper (1979) have analysed several sets of 
powder diffraction data obtained with neutrons, and 
have found that for most of these the e.s.d.'s were 
underestimated by the Rietveld procedure by a factor 
of at least two. However, the present results demon- 
strate that this factor is not necessarily as large as this 
and may vary over quite a large range. Indeed, in two 
of the five data sets (1073 and 1733 K) the e.s.d.'s 
given by the conventional and Rietveld refinements are 
about the same, and in one data set (1373 K) the 
Rietveld method leads to e.s.d.'s which exceed those 
from the conventional refinement by a factor of 
nearly two. 

However, the differences between the e.s.d.'s ob- 
tained at each of the five temperatures for the two types 
of refinement can be accounted for satisfactorily by the 
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analysis of Sakata & Cooper. The agreement factor 
A B [see (5)] in the conventional refinement reflects the 
degree of matching between the observed and calcu- 
lated integrated intensities, whereas the agreement 
factor Ap [see (8)] for the Rietveld refinement reflects 
not only the degree of matching between integrated 
intensities but also that between the shape functions 
describing the profile of the individual reflections. The 
structural parameters are determined by the integrated 
intensities and the profile parameters by the shape 
functions: it is not surprising that the e.s.d.'s from the 
Rietveld refinement are different from those from the 
conventional refinement. 
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Abstract 

Diffraction patterns of various specimens of mullite 
were recorded using a high-power X-ray generator. The 
patterns consist of main reflections based on the 
primitive orthorhombic lattice with a = 7.6, b = 7.7 
and e = 2.9/k, and two types of subsidiary reflections. 
Although the patterns show no periodicity in reciprocal 
space, a periodic unitary intensity distribution is 
deduced using information from the average structure. 
The distribution of the sites of the removed oxygen 
atoms in the sillimanite-like ideal structure is obtained 
from the qualitative values of the unitary intensity. In 
order to compare the calculated value to the observed 
continuous intensity distribution in reciprocal space, a 
structural model was constructed. It contains four sorts 
of equivalent domains; each domain consists of about 
40 000 atoms. These atoms are situated at definite 
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positions in real space, and no partly occupied sites are 
specified in these models. 

Introduction 

Mullite, Al(All+2xSil_2x)05_ x, is a typical non- 
stoichiometric compound, which ranges in com- 
position from 3A120 3 . 2SiO 2 to 2A120 3. SiO v Although 
its X-ray diffraction patterns are very similar to those 
of sillimanite, mullite commonly shows diffuse scatter- 
ing, as pointed out by Taylor (1928), and sometimes 
shows superlattice reflections as described by Agrell & 
Smith (1960). 

Sadanaga, Tokonami & Tak6uchi (1962) deter- 
mined the average structure of mullite and clarified the 
structural relationship between mullite and sillimanite. 
Durovic (1962) independently analyzed the average 
structure. The results obtained by Sadanaga, Tokonami 
& Tak6uchi (1962) were confirmed by Burnham 
(1964). It should be noted that Warren (1933) 
proposed the exact scheme for the mullite structure 
prior to the above authors. 
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